Using Tukey-Kramer versus the ANOVA F-test as the omnibus test of the Hayter-Fisher procedure for comparing all pairs of normally distributed means, when sample sizes are unequal, is investigated. Simulation results suggest that using Tukey-Kramer leads to as much or more any-pairs power compared to using the F-test for certain patterns of mean differences, and equivalent per-pair and all-pairs power for all cases. Furthermore, using Tukey-Kramer results in a consonant test procedure, where there cannot be disagreement between the results of the omnibus test and the subsequent pairwise tests. The results suggest that when sample sizes are unequal, Tukey-Kramer may be preferred over the F-test as the omnibus test for the HayterFisher procedure.
should be more sensitive to pairwise differences. With regard to detecting all pairwise differences (all-pairs power), however, Ramsey and Ramsey (2008) found that the TukeyKramer procedure always performed more poorly than the Hayter-Fisher procedure. Thus, although there may sometimes be a slight advantage for Tukey-Kramer in detecting the largest studentized pairwise difference, whenever both procedures are successful at detecting the largest studentized pairwise difference, the Hayter-Fisher procedure will always have at least as much power to further detect other, possibly smaller, pairwise differences, since the Hayter-Fisher procedure employs the Tukey-Kramer critical value based on k− 1 groups, rather than k. Ramsey and Ramsey (2008) did not consider using the Tukey-Kramer test as the omnibus test in the Hayter-Fisher procedure. However, based on their results as well as previous ones, making this modification should result in a procedure superior to both TK and HF for detecting pairwise differences. The focus of this investigation is to compare, for unequal sample sizes, the power of the modified Hayter-Fisher procedure using the Tukey-Kramer test of the largest observed studentized pairwise difference as the omnibus test, to that of the usual Hayter-Fisher procedure using the F-test as the omnibus test. To avoid confusion and to emphasize its sequential testing nature, the modified version of the Hayter-Fisher procedure using the Tukey-Kramer test will be referred to as the 'Tukey-Kramer two-step' (TK2S), using 'HF' to refer to the usual HayterFisher test utilizing the F-test as the omnibus test. For greater simplicity in implementation, TK2S might be better thought of as a sequential testing procedure. First, compare the largest observed test statistic, q*, to q α, k ,ν -if significant, then proceed to the next largest test statistic, comparing it to q α, k −1,ν , and continuing in this fashion, using q α, k −1,ν for all subsequent comparisons.
Simulation

. Details of the simulation
Consider the one-way fixed-effects ANOVA model described in Section 1:
where the ɛij are independent N(0, σ 2 ) random variables, and the μi and σ 2 are unknown parameters. Three procedures were considered:
1 TK2S. Test the pairwise difference with the largest observed test statistic using q α, k ,ν -if the test is significant then proceed to test all remaining pairwise differences using q α, k −1,ν .
Following Ramsey and Ramsey (2008) , several different mean and sample size configurations were considered (see Table A1 in the Appendix), and the values of μi selected to produce specified values of Cohen's effect size, f=σm/σ, where and . The maximum rangeconfiguration is defined by , and produces configurations in which the smallest and largest means are as far apart as possible for the specified effect size. Ramsey (1978) showed that this configuration favours tests based on the studentized range distribution compared to those based on the F-distribution. The minimum range configuration, on the other hand, produces configurations in which the smallest and largest means are as close as possible for the specified effect size. The minimum range configuration will favour tests based on the F-distribution, compared to those based on the studentized range distribution (Ramsey, 1978) . In addition, the single extreme mean configuration, where μ 1 =⋯=μk −1 with μk different, was considered. Ramsey and Ramsey (2008) found TK to have higher any-pair power than HF for the single extreme mean configuration. Finally, a configuration where means were equally spaced was also considered.
Three sample size configurations, representing different ranges between the largest and smallest sample sizes, were chosen for each setting of ν, the error degrees of freedom. These are given in Table A1 . For each case, sample sizes were randomly assigned to the k groups for each simulated data set, to ensure that all possible sample size pairings with groups were equally represented. The power results reported represent the average power, over the three sample size configurations, for each setting of ν.
Familywise Type I error rate (FWER), any-pair, average per-pair (per-pair power, averaged over all non-null pairs), and all-pairs power were estimated, based on 10,000 randomly selected samples, for the TK, HF and TK2S procedures.
. Simulation results
Tables 1-7 show the estimated power for each procedure, averaged over several patterns of unequal sample sizes (detailed in Table A1 ), and are presented above. Additional simulation results, including estimated familywise error rates for all procedures, are available from the first author. Hayter, 1984; Dunnett, 1980; Ramsey & Ramsey, 2008) , and the results of the present simulation were consistent with previous results. Estimated FWERs for TK2S were similar to HF, and no evidence was found of error rates above the nominal level of α= 0.05.
. Any-pair power
Consistent with results of previous studies (see Section 1), both TK and TK2S tended to have higher any-pair power than HF for the single extreme and maximum range mean configurations, especially for k= 6 (see Tables 1 and 2 ). The maximum observed power advantage was .038 (k= 6, ν= 10, f= 1.31) for the single extreme mean case and .050 (k= 6, ν= 5, f= 1.60) for the maximum range case. For the minimum range and equally spaced means configurations, HF tended to have slightly higher any-pair power than TK and TK2S: as much as .067 (k= 4, ν= 5, f= 1.31) for the minimum range case and .020 (k= 4, ν= 20, f= 0.73) for equally spaced means (Table 3 shows results for the minimum range configuration -results for the equally spaced means configuration were similar).
For individual cases, the maximum observed power advantage for TK2S was .0523 (k= 6, NR= 11, ν= 10, f= 1.31) for the single extreme mean case and .0741 (k= 6, NR= 2, ν= 5, f= 1.31) for the maximum range case; and for HF the advantage was as much as .0782 (k= 4, NR= 6, ν= 5, f= 1.60)for the minimum range case and .0364 (k= 4, NR= 11, ν= 10, f= 1.31) for equally spaced means.
. Per-pair power
Tables 4-6 show estimated per-pair power for the three methods. While TK2S and HF always had substantially higher power than TK, there was little or no difference in power between TK2S and HF. This was true even for cases where either TK2S or HF enjoyed an any-pair power advantage. The maximum per-pair power advantage observed for TK2S over HF was .0024 for the single extreme mean case (k= 4, NR= 8, ν= 20, f= 0.73), and for HF over TK2S was .0019 for the minimum range case (k= 4, NR= 1.5, ν= 5, f= 1.60). Table 7 shows estimated all-pairs power for the three methods for selected cases. Consistent with results of previous studies (e.g., Ramsey & Ramsey, 2008) was that the all-pairs power of TK was always substantially less than that of HF, even in cases where TK had higher any-pair power. However, for all cases, there was little or no difference in all-pairs power between HF and TK2S, with observed differences in all-pairs power less than .005 for all cases considered. As was found for per-pair power, this was true even for cases where either TK2S or HF enjoyed an any-pair power advantage.
. All-pairs power
Discussion
. Power comparisons
An important result of the simulations is that using the Tukey-Kramer omnibus test instead of the ANOVA F-test results in a procedure with both per-pair and all-pairs power essentially equivalent to that of the Hayter-Fisher test. In the single extreme mean and maximum range configurations, situations where pairwise differences are all moderate to large, TK2S was usually more powerful than HF in detecting at least the pair with the largest studentized mean difference. That is, the 'omnibus' TK test returned a significant result more often than the F-test. In these cases, since the subsequent pairwise tests for both procedures are identical, this must translate into higher any-pair power for TK2S. However, even for means configurations that tend to favour the F-test -configurations where there are small pairwise differences -TK2S had essentially the same per-pair power as HF, and was able to detect all pairwise differences with the same frequency as the HF test. This is due to the fact that although the overall F-test returns a significant result more often than does the TK omnibus test, the subsequent TK tests of the HF procedure do not always find at least one pairwise difference significant. Table 8 gives a particular example for the proportion of rejections for the respective omnibus tests of TK2S and HF for two means configurations: the maximum range configuration, for which TK2S had higher any-pair power, and the minimum range configurations, for which HF had higher any-pair power. For the maximum range means configuration, TK2S showed higher omnibus power, that is, tended to return a significant result more often than HF. Since the subsequent tests for the pairwise differences of the two procedures are identical, this necessarily translates into higher any-pair power for TK2S, since its omnibus test is in fact detecting the largest studentized pairwise difference, which must also be declared significant by the pairwise tests. However, the F-test will occasionally reject when TK does not, and pairwise differences may be detected by HF in these cases. This is why the any-pair power advantage enjoyed by TK2S does not translate to a per-pair or all-pairs power advantage. When there tend to be many differences of varying magnitude, non-pairwise contrasts have the potential to be larger than the largest pairwise contrast. Consequently, there might be more samples where the F-test rejects, but is not necessarily detecting the largest pairwise difference as the significant contrast. For these cases, HF may not declare any pairwise differences significant and the any-pairs power advantage over TK2S will be less than the omnibus test power advantage. Thus, the fact that the F-test rejects more often than TK does not automatically lead to HF having higher average per-pair or all-pairs power than TK2S. Note also that the any-pair power of TK2S was often slightly higher than that of TK. While it may seem that these two procedures should have exactly the same any-pair power, consider that, in practice, it may happen that the largest observed studentized mean difference is associated with a true null hypothesis, that is, groups whose true means do not differ. When this occurs, both TK2S and TK may also correctly declare other groups different, but TK2S is more likely to do this, since it employs a less conservative critical value for subsequent tests. Thus, the any-pair power of TK2S can be slightly higher than that of TK.
. Statistical practice
Using TK as the omnibus test results in a consonant procedure (Gabriel, 1969) , so that if the omnibus test is significant, then at least one pairwise difference must also be declared significant. This is not the case when using the F-test as the omnibus test, however. Recall that the omnibus F-test rejects whenever there is at least one significant non-zero contrast of the k means, namely that there exist constants, c 1 , c 2 , …, c k , such that c 1 μ 1 +c 2 μ 2 +⋯+c k μk≠ 0, and thus while a significantF-test does imply that at least one pair of means differ, it does not guarantee that a pairwise difference will be found significant. (Here by 'pairwise' we mean a contrast of the form μi−μj for i≠j.) For instance, the F-test may detect that (μ 1 +μ 2 )/2 −μ 3 , or some other nonpairwise contrast of the means, is significantly different from 0, although none of the pairs μi−μj, i≠j, are declared significantly different from 0. This raises a more subtle point regarding the use of the F-test as an omnibus test in any multiple pairwise testing procedure.
As has been pointed out many times in the literature, there is no need for a preliminary omnibus test when using the TK procedure. Hsu (1996) states that to consider performing multiple comparisons only if the ANOVA F-test rejects is 'a mistake'. Ramsey (1978 Ramsey ( , 1981 Ramsey ( , 2002 and Ramsey and Ramsey (2008) present simulation results illustrating that the power of TK suffers if applied only after a significant omnibus F-test. Still, many textbooks (see Ramsey & Ramsey, 2008, p. 116) recommend using TK only after a significant F-test, and it is rare to find an example in the applied literature where the TK procedure has been applied without a significant preliminary F-test (Ramsey & Ramsey, 2008) .
This emphasis on a preliminary F-test can only help to perpetuate the myths among many practitioners that a significant F-test implies at least one significant pairwise difference using TK; and that a non-significant F-test implies it is not possible that TK will find a significant pairwise difference. Certainly rejection of the 'omnibus' TK test implies that at least one pairwise difference exists. However, while rejection of the omnibus F-test certainly implies that not all the means are equal, it does not guarantee that there is at least one significant pairwise contrast of the means. Cohen (2001, Chapter 13) 
Conclusion
The Tukey-Kramer procedure continues to be an attractive method for making all pairwise comparisons, especially since confidence intervals are available. However, when greater power to detect pairwise differences is desired and confidence intervals are not required, TK2S is recommended as an alternative to the HF procedure. While HF can have slightly higher any-pair power under certain conditions, TK2S tends to have higher any-pair power for mean configurations where pairwise differences are all moderate to large. In addition, the all-pairs and per-pair power of TK2S is virtually identical to HF for all mean configurations, even those for which HF holds an any-pair power advantage. Finally, TK2S is a consonant procedure for which there cannot be disagreement between the 'omnibus' test and subsequent pairwise tests, so that a significant omnibus test under TK2S guarantees that at least the largest pairwise studentized difference will be declared significant. In contrast, the HF procedure has the undesirable property that it is possible that no pairwise differences are declared significant, even though the omnibus F-test is significant.
